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Abstract – Decades ago, the idea that electrons can be affected by electromagnetic 
potentials without experiencing force-fields changed our thinking with the advent of the 
Aharonov-Bohm effect. Zeilinger’s theorem, which casts the absence of force fields in 
quantum terms as the “dispersionless” nature of the Aharonov-Bohm effect, cemented 
the idea in textbooks. Surprisingly, in the late 1990’s a quantum force was predicted for 
the Aharonov-Bohm physical system by Shelankov, and elucidated by Berry. Here we 
show experimentally that this force is indeed present. Nevertheless, the observation 
does not change the understanding that potentials can act without force-fields, as we 
show theoretically that Zeilinger’s theorem on the dispersionless nature is not generally 
applicable to the Aharonov-Bohm system. 
 
 
 The celebrated Aharonov-Bohm effect [1-6] entails the presence of a phase shift caused by a 
magnetic flux enclosed by an electron interferometer. It is generally thought to demonstrate the physical 
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reality of potentials [2,3], as opposed to the earlier belief that potentials were merely a mathematical tool 
[3,4]. The reason for this change in understanding came about because the fields outside a magnetic flux 
tube, such as provided by a perfect solenoid, are zero, and thus the classical Lorentz force is zero. Under 
the assumption that the solenoid and its shielding is unperturbed [5,6], there is no field that can act locally 
on the electrons. But the non-zero vector potential can have a local effect that results in a phase shift. 
Notwithstanding the general acceptance of these ideas, this issue remains a topic of intense debate on 
non-locality [7-10], the interpretation of the effect [11-14], and the very existence of the effect [15,16]. 
The Aharonov-Bohm effect has been observed for free electrons in a series of ever more refined 
experiments [17-21], as well as in conductors [22-25]. The absence of a longitudinal force, as made 
apparent by the absence of electron time delays, has been investigated more recently. These time delays, 
predicted by alternative theories [5], have been ruled out [26]. However, deflection, another indicator of 
force, has been predicted by Shelankov [27], elucidated by Berry [28], and theoretically confirmed by 
Keating and Robbins [29]. The deflection is accompanied by a characteristic asymmetry in the electron 
diffraction pattern. In this paper, we report the first observation of this asymmetry consistent with theory.  
Even if this result signals the presence of a force and thus appears contradictory to textbook descriptions 
of the effect, our theoretical analysis shows that it conforms with earlier results and demonstrates the very 
rare occurrence of a quantum force.  
The presence of force has been operationally defined by Zeilinger using the expectation value of 
position [29]. If the expectation value differs from the value obtained for free propagation, then force is 
present. For experiments with electron beams, the presence of a longitudinal force along the beam can 
lead to time delays, while a transverse force leads to deflections. Zeilinger’s theorem [30] as expounded 
by Peshkin [31] indicates that a characteristic feature of the Aharonov-Bohm (AB) effect is its 
dispersionless and force free nature.   The experimental demonstrations of the dispersionless nature of 
AB-duals [32], including the He-McKellar-Wilkens effect, have been performed [33], while the 
demonstration of the dispersionless nature of the magnetic AB effect has yet to be reported [34, 35]. It is 
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shown here that Zeilinger’s theorem cannot be applied to transverse motion for the Aharonov-Bohm 
physical system. The theorem is correct, but its assumptions are not generally applicable to the physical 
situation considered. 
 To explain the theoretical results, consider a coherent electron beam passing by a current carrying 
solenoid as shown in Figure 1. The solenoid is assumed to be ideal, i.e., it carries no stray fields and its 
field is not affected by the passing beam. We are interested in obtaining the far-field electron diffraction 
pattern. Specifically, the expectation value of the transverse position of the electron will be used to assess 
whether or not a force acted during the passage of the electron. This process will be outlined in several 
steps. In the first step, Berry’s derivation [28] of Shelankov’s result [27] is summarized. In the second 
step, this result is used as a benchmark for a path integral simulation that can also be compared to the 
experimental result. A de Broglie-Bohm viewpoint of the physical scenario is provided in step three, 
which serves to justify the term “quantum force”. In the fourth step, Zeilinger’s theorem [31] is 
summarized, and it is shown that its generalization to the transverse coordinate is not applicable. This 
leads to the conclusion that there is no conflict between the presence of a transverse force and the absence 
of a longitudinal force. 
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Figure 1. Physical system schematic.  An electron beam (blue) diffracts from an aperture that 
holds a magnetic flux line, here represented by a solenoid. The non-zero expectation value of 
position, represented by a left-right asymmetry in the strength of the detected electrons (green), 
indicates the presence of a force for the Aharonov-Bohm physical system.  
  
 Berry identifies the problem being studied as essentially two-dimensional and describes the 
incoming electron wave by a superposition of multiple plane waves [28]. The incoming waves have a 
Gaussian distribution of wave vector directions in the x-y plane, which yields Shelankov’s result in the 
paraxial approximation, 
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Here, ( , )c   is the probability amplitude for electrons to be scattered in the  direction (defined with 
respect to the x-axis) for a magnetization flux   of the solenoid (or magnetic flux line), where   is 
indicated in quantum units by e h    . The r.m.s angular width of the incident electron distribution 
is 1 2w . The probability distribution obtained from  
2
,c   is shown in Figure 2 for three different 
values of  . When 1 4   a non-zero deflection is found. Another approach is the use of a quantum 
force operator by Keating and Robbins [29]. They successfully ensure the Hermiticity of the operator and 
obtain the same deflection. 
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Figure 2. Far field electron diffraction.  An electron diffraction pattern for a 1-D aperture that 
holds a magnetic flux line is given in the far-field. The result of a path integral simulation (thick 
gray line) is in agreement with Berry’s analytic result (thin black line) and is shown for a 
magnetic flux line of strength a) 1  , b) 1/ 4  , and c)  1/ 2  . The non-zero expectation 
value of position for b) indicates the presence of a force for the Aharonov-Bohm physical 
system. The path integral calculation can be modified to a 2-D circular aperture, a partial 
electron beam coherence, and a finite size magnetic flux bar (instead of a flux line) to facilitate 
detailed comparison with experiment. 
 
 Shelankov’s result can be compared to a simulation based on Feynman’s path integral approach 
[36] (Figure 2). In this approach the final wavefunction  ,f x t  at the detector plane is given by [37] 
     db, exp ,0f ix t N i l x dx      ,                                 (2) 
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where the initial wave function is  ,0i x  and N is a normalization factor. The length of an individual 
path from some point x  in the interaction plane (parallel to y-z located at the solenoid) to x  in the 
detection plane is l x x  , and
db h p   is the de Broglie wavelength of the electron.   
The approaches are in excellent agreement when it is assumed that the initial wave function is given by a 
phase step 
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where 0y   indicates the location of the solenoid and   is the transverse width of the wave packet. The 
phase step is the Aharonov-Bohm phase eAB
C
A dl   , where A  is the vector potential of the 
magnetic flux   that is enclosed by the contour C . This phase is independent of path distance from the 
solenoid because 2e e
C
A dl       for all C . Having confirmed that the path integral simulation 
is in agreement with the Shelankov-Berry result, it can now be used to model the experimental diffraction 
pattern where the z-direction, a finite solenoid size (instead of an infinitely thin magnetic flux line) and a 
shaped aperture need to be taken into account. It will be shown that the qualitative features of the 
diffraction patterns remains the same. 
 The quantum nature of the force can be defined in the de Broglie-Bohm interpretation of 
Quantum Mechanics [38]. If the derivative of the quantum potential 
2 2 2Q R mR    is non-zero then 
there is a local force. However, this force that acts on individual de Broglie-Bohm trajectories is not 
measurable [39]. Operationally, the presence of force is defined by the presence of an average deflection. 
There is a average deflection if the integral 
Q
dy
y


 is non-zero. The local derivative Q y   can be 
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calculated for the wavefunction (Eq. (15) in [28]) to be non-zero and finite after the electron has passed 
the magentic flux line.  
 
Figure 3. Quantum potential. The quantum potential, 
2 2 / 2R mR  , is calculated from the 
wavefunction eiR   propagated 1% of the distance from the magnetic flux line to the detection 
plane. The wavefunction is obtained from the path integral calculation.The left right assymetry is 
caused by the phase shift induced by the magnetic flux line and illustrates why the word “force” 
can be used in the present context.  
 The quantum potential, 
2 2 / 2R mR  , is calculated from the wavefunction    ei yR y  . The 
spatial derivative can not be evaluated immediately after interaction with the solenoid because the 
wavefunction is given by a step function (Eq. 3). Using equation 2, the wavefunction can be propagated 
so it becomes a smooth function. The resulting quantum potential after propagating 1% of the distance 
from the magnetic flux line to the detection plane is shown in Fig. 3. If the flux line is not magnetized, the 
quantum potential is left-right symmetric about 0y  . If the flux line is magnetized, the left-right 
symmetry is broken leading to deflection in the far-field diffraction pattern. 
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In an expansion of Zeilinger’s theorem, Peshkin analyzes the passage of wavepackets on either 
side of the solenoid in terms of plane waves [31]. The effect of an interaction zone of length l  is 
described by a momentum dependent phase shift  xk  described by 
 
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   
exp 0
,
exp
x
x
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x x
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x t
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 ,                                                (4) 
where xk is the longitudinal momentum. The expectation value of the longitudinal position of the 
wavepacket is shown to be  
 
 2
0 0
x
x xT
x
d k
x x v T k dk
dk

    .                                            (5) 
Combining this with the consequence of Ehrenfest’s theorem, which states that if an interaction is force 
free then 
0 0T
x x v T  , it follows that for force free interactions  
 
0
d k
dk

 .                                                                         (6) 
This is Zeilinger’s nondispersivity theorem. It has motivated multiple experiments that demonstrate the 
dispersionless nature of the AB-effect [32,33], which are often interpreted to mean that the AB-effect is 
completely force free. We can attempt to generalize this theorem to include the y-direction, transverse to 
the electron’s motion. However, the problem is that, in general, an interaction can not be described with 
only a momentum dependent phase shift  k . Consider an initial electron state, which can be correctly 
described by  k  or by its Fourier transform  y . After an interaction that is assumed to contribute a 
position-dependent phase, the electron state is described by     expy i y  . In general, this same 
electron state cannot be corretly described by the addition of a momentum-dependent phase shift to the 
initial state in momentum space     expk i k  . The phase factor in the position representation 
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affects not only the phase factor in the momentum representation, but also the amplitude factor. In 
particular, the wavefunction given by Eq. 3 cannot be written as     expy yk i k   indicating that 
Zeilinger’s theorem is not generally applicable for the AB-physical system. The conclusion is that the 
AB-effect is dispersionless in the longitudinal direction, but in the transverse direction a force can act. 
Berry has shown that there is an average deflection  
 
 sin 2
paraxialD
w



 ,                                                           (7) 
by using Eq. 1 to calculate the expectation value of the deflection angle. As this is operationally defined 
as a presence of force (by Zeilinger [30]), it is natural to investigate the presence of the exchange of 
momentum in the interaction regime. Berry shows that executing this calculation of the expectation value 
of the transverse momentum yp is problematic [28]. The wavefunction can not be normalized along a 
slice in the y-direction when there is a plane wave present in the superposition.  
 
 A transmission electron microscope (TEM) is used to experimentally verify our assertions. A thin 
and long ferromagnetic rod, was used to to create a well defined magnetic flux line. This setup was 
already successfully applied for mapping specific plasmon modes in nanodevices [40]. In the present 
experiment, a thin film (65 nm) of nickel protected by a gold layer (1 nm) has been milled using a 
Focused Ion Beam (FIB) microscope to obtain a 30 x 2 µm² ferromagnetic rod. The rod is then deposited 
with a nano-manipulator over a 5 µm aperture drilled in a SiN grid covered with a 1 nm thick layer of 
gold (Fig. 4). The rod width is then thinned down to 600 (50) nm. This gives an estimated magnetic flux 
line strength of α~0.41. The magnetic flux was experimentally assessed using off-axis electron 
holography. A reference electron wave was superposed with the wave interacting with the flux line. The 
large aspect ratio between the length and width of the rod allows a good approximation of the rod as a 
single magnetic domain magnetized along its long axis. A detailed description of such aperture has been 
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given in other work [40]. The aperture with ferromagnetic rod was inserted in the condenser plane of an 
FEI Titan3 microscope operating at 60 kV. Objective and projector lenses are used to image the magnetic 
rod or the far-field diffraction plane, as sketched in Fig. 4.  
A typical far-field intensity profile of the ferromagnetic rod is displayed in Fig. 5, clearly revealing the 
asymmetric behavior as predicted by Shelankov and in qualitative agreement with the calculations in Fig. 
2. In order to demagnetize the needle in situ, we exposed the rod to a highly focused electron beam for 
several hours which lead to the amorphisation of the nickel film and the loss of its magnetic properties. 
The resulting far field profile of a demagnetized rod is also displayed in Fig. 5 for comparison, revealing a 
single symmetric electron diffraction peak as expected for α=0 . The result of a path integral simulation 
for a magnetic flux line strength of respectively α=0.39 and α=0 shows good agreement with the 
experimental results (Fig. 5, blue and green curves). In the simulation the agreement was improved by 
including partial spatial coherence which is common in the electron microscope and depends in a 
sensitive way on the exact setup of the microscope. In particular, the slight positive value in the dip region 
of the experimental profile is mostly due to partial coherence, with a small contribution due also to the 
modulation transfer function of the camera. The relative average y-position of the diffraction pattern with 
and without magnetization has not been used to establish the presence of a deflection as this average 
position can shift between measurements. To overcome this, we use only the presence of an asymmetric 
intensity profile, absent for the demagnetized rod.  
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Figure 4. Experimental schematic. A magnetized nanorod is placed in an electron microscope 
just before the objective lens to diffract electrons from the vector field surrounding the wire. An 
electron microscope shadow image is shown. The far-field diffraction pattern is recorded. An 
example of a raw image is shown.  
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Figure 5. Experimental confirmation. An electron diffraction pattern for an aperture that holds 
a magnetic flux line is measured in the far-field. Magnetized rod experimental data (red dots), 
path-integral calculated results (blue line), non-magnetized rod experimental data (black dots) 
and path-integral calculated results (green lines) are shown. The result of the path integral 
calculation is in agreement with the experimental data and shows an asymmetric profile 
consistent with the prediction of a spatial deflection and thus the presence of force.   
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 In conclusion, Shelankov’s theoretical prediction is confirmed and a path integral simulation is in 
good agreement with the prediction and experimental result. Zeilinger’s earlier dispersivity theorem is 
shown to be valid for the electron propagation in the longitudinal direction, but should not be applied to 
the transverse direction. No classical forces are needed to explain the observed effect.  
Under the assumption that the passing electron does not affect the solenoid, the observed phenomena is a 
pure quantum effect. It supports Aharonov’s interpretation that local potentials explain the observed 
phenomena and does not further searches for local explanations. It does not offer an approach to search 
for magnetic monopoles through the detection of Dirac strings (which are themselves examples of 
magnetic flux lines) as the quantum force is zero when the phase shift has a value of modulo π. The main 
outcome is that the presence of a quantum force is demonstrated for the Aharonov-Bohm physical system.  
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